In this paper, we establish some new inequalities for power means with n positive numbers. Moreover, some new properties of p → M n (a, p) are obtained, where M n (a, p) denotes the p-th power mean of first n entry of vector a.
Introduction and Preliminaries
Given n positive numbers a 1 , a 2 , · · · , a n , denote a = (a 1 , a 2 , · · · , a n ), we recall that the classical arithmetic mean A n (a), the geometric mean G n (a), the harmonic mean H n (a), and finally M n (a, p), the p-th power mean, are respectively defined by , p = 0, n √ a 1 a 2 · · · a n , p = 0.
(1.1)
We can see that M n (a, −1) = H n (a), M n (a, 0) = G n (a), M n (a, 1) = A n (a). Then, multivariate means of classical arithmetic, geometric and harmonic are special cases of power mean, and the relations of these means can be written by next inequalities H n (a) = M n (a, −1) ≤ G n (a) = M n (a, 0) ≤ A n (a) = M n (a, 1) (1.2)
To date, some excellent methods have been proposed to prove and establish inequalities. For example, in [9] , Ibrahim and Dragomir established inequalities by utilizing power series and Young's inequality. In [10] , Kouba used classical analysis to obtain some new inequalities. In [12] , V. Mascioni discover new inequalities by the differences of some Stolarsky means. Due to the importance of power mean in modern mathematics, it has also been given considerable attention by mathematicians. Many remarkable results for power mean have been presented in the literature (see, for example, [2, 3, 4, 5, 6, 11, 14, 15, 16, 17] and the references cited therein).
The main purpose of this paper is to establish some new inequalities for M n (a, p) and to give some new properties for p → lim n→∞ M n (a, p)/M n (a, p + 1) and p → lim n→∞ M n (a, 1 p )/M n (a, 1 p+1 ) in the case when a is an arithmetic sequence.
Some known results
In this section we restate some Lemmas and Theorems, which relate to our main results. Lemma 2.1 (Hölder's inequality, [8] ). Let a k , b k ≥ 0, for k = 1, 2, · · · , n, and let 1
with equality if and only if a p k = τ b q k (k = 1, 2, · · · , n), τ is constant.
The p-th power mean type Hölder's inequality can be described by the following Theorem.
Theorem 2.2 (Hölder's inequality [1] , p.211). If a k , b k > 0 (k = 1, 2, · · · , n), and 1 p + 1 q = 1 with p > 1.
where a = (a 1 , a 2 , · · · , a n ), b = (b 1 , b 2 , · · · , b n ), ab = (a 1 b 1 , a 2 b 2 , · · · , a n b n ). Lemma 2.4 (Minkowski's inequality, [13] ). Let a k , b k ≥ 0 (k = 1, 2, · · · , n) and p > 1. Then
The inequality is reversed for p < 1 (p = 0). In each case, the sign of equality holds if and only if a k = b k (k = 1, 2, · · · , n).
Lemma 2.5 (Jensen's inequality [7] , p.28). Let a k > 0 (k = 1, 2, · · · , n), 0 < r < s. Then Theorem 2.6 ([7], p.26). Let a 1 , a 2 , · · · , a n be a positive sequence, n ∈ N. If p ∈ R, then M n (a, p) is increasing for fixed a 1 , a 2 , · · · , a n ; if p ∈ (−∞, 0)∪(0, +∞), then M n (a, 1 p ) is decreasing for fixed a 1 , a 2 , · · · , a n . Lemma 2.7 ([1], p.26). Let Φ be a differentiable function defined on D, if
Then Φ(x) is (strictly) convex if and only if Ψ(x) is (strictly) increasing on D.
Some new inequalities for power means
In this section, we establish some new inequalities for M n (a, p) and M n (a, 1 p ).
the sign of equality holds if and only if a 1 = a 2 = · · · = a n .
Proof. Let
By Theorem 2.6, we know that F (p) is an increasing function for p ∈ (0, +∞). Note that
Then, for p ∈ [1, +∞), we have
Combining equations (3.2), (3.3) and inequality (3.5) lead to inequality (3.1) immediately. The proof of Theorem 3.1 is completed.
Let a 1 , a 2 , · · · , a n be an increasing arithmetic sequence in inequality (3.1), p ≥ 1. Then we obtain 1 n (3.7)
Using Lemma 2.3, we can obtain the following Theorem easily.
Theorem 3.4. Let a k > 0 (k = 1, 2, · · · , n), p > 1. Then
The inequality is reversed for 0 < p < 1, where a p = (a p 1 , a p 2 , · · · , a p n ).
Theorem 3.6. Let a k , b k > 0 (k = 1, 2, · · · , n), and let 1
Then
Proof. By Theorem 2.2, we can obtain
And by Theorem 3.4, we have
Let p = 1 p in inequality (3.12) . Then Remark 3.7. Let 0 < a 1 < a 2 < · · · < a n , 0 < b 1 < b 2 < · · · < b n in Theorem 3.6. Then we have
Theorem 3.8. Let a k , b k ≥ 0 (k = 1, 2, · · · , n), λ, µ > 0, and let p ≥ 1. Then
The inequality is reversed for p < 1.
Proof. Using Minkowski inequality in Lemma 2.4, we have Therefore, we obtain the desired result (3.16).
Remark 3.9 (Minkowski's inequality [7] , p.30). Let λ = µ = 1 in Theorem 3.8. Then we can easily obtain the p-th power mean type Minkowski's inequality
Theorem 3.10 (Young's inequality). Let a k , b k ≥ 0 (k = 1, 2, · · · , n), λ + µ = 1, λ > 0, and let p ≥ 1. Theorem 3.11. If a k ≥ 0 (k = 1, 2, · · · , n), 0 < ρ ≤ ν. Then 
Some known results
In this section, we give some new properties for the ratio of power means. 
Let ψ(x) = x p . Then applying Lagrange mean value theorem for ψ(x) on interval (k−1)a n , 1+(k−1)a n , we have 1 + (k − 1)a n p − (k − 1)a n p = pξ p−1 k · 1 n , where (k − 1)a n < ξ k < 1 + (k − 1)a n .
Denote r n = 1 n n k=1 1 + (k − 1)a n p − (k − 1)a n p .
(4.3)
Now, we prove that lim n→∞ r n = 0. where β = pa p−1 .
Obviously, inequality (4.7) is equivalent to inequality (4.4) Case III. When −1 < p < 0, denote t = −p (0 < t < 1). Then Thus, C(p) is continuous at p = 0, and we obtain Combining equations (4.14) and (4.15) lead to equation (4.1) immediately. Next, we prove that C(p) is strictly increasing on (−1, +∞). Denote
where g(p) = 1 p ln(p + 1), g(0) = 1. Therefore, φ(p) is increasing on (−∞, −2). When p ∈ (0, +∞). By the same method, we can obtain E(p) = p p (p + 2) p+1 (p + 1) 2p+1 .
And E(p) is decreasing on (0, +∞). The proof of Theorem 4.2 is completed.
